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— %2 ee 23 0 Ags | 419 

34 a;,—A,, 90 34 G33 Aggy 

O Ary O Gy, Ay, 0 Ais 

| G2 G23 Avg | ~Are G22 Ags | 


To the first of the six we apply Laplace’s expansion, the dividing line separating 
the first two columns from the last two. For the other five, we first interchange 
columns to bring the a, ; into the first and second columns and then apply Laplace’s 


expansion. In their final sum, the coefficient of —A,,A,, is 
Gin | _ | | | Gig 414 | 


‘ Similar simplifications may be made in the coefficients of A,,A,, and A,,A,;. 
A term A;;* occurs singly. A term A;;A,; in which two and but two of the sub- 
scripts i, j, k, 1 are equal occurs twice, with equal coefficients. We obtain the 
final result D=a+A —S, where (denoting a,; by 


$88 34 | | 34 | 33 34 
34 | ~241s414 | 93 34 | 2412400 | 44 | 

34 | 93 | | 44 | 

+24, 2 24 


A law for the simplified expansion of D, which may be readily extended 
to like determinants of any order, may now be given. The law may be expressed 
very luminously by use of a ‘‘multiplication table.’? As in the usual notation 
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for quadratic forms, a term 2ery is conveniently expressed by cry+cyr. Then 8 
is given by the accompanying multiplication table. 


A;, Ac, A,s Ai, Ais Ais 
A ll 12 11 13 11 14 12 13 12 14 13 14 
$4 12 22| 23 12 24 22 25| ~ |22 24 23 24 
A | 13 11 13{ _|11 14] _|12 18 12 1-12 14 
24 12 23 13 33 13 34 23 33 23 34 83 34 
A 11 12] _ fll 1l 14 12 18| _ |12 14 14] 
ad 14 24 14 34 14 44 24 34 [24 44 |34 44] 
A., 12 22] _|]12 23] [12 24 }22 23] _ |22 24| 23 
14 | 13 23] 13 33 | }13 34 23 33 | 23 34 | 33 34 
}14 24| 34] 14 44| | 24 34| 84 44| |34 44] 
[18 _|13 }13 34| 33] _ | 28 rd |33 34 
14 24| 14 34] }14 44] }24 34] |24 44 | 34 44 


The law of formation is now evident. The body of the table gives in proper 
position and with proper sign the minors of | a;; | =a. It follows (Muir, Theory 
of Determinants, §174) that the determinant of the sixth order defined by the 
table equals a°, being the second compound of a. 

4. Changing the notation by replacing A,, and A,, by their negatives, 
we obtain from 8 a quadratic form 8S’ with the signs of its terms all positive, 
while A remains unaltered. The body of the multiplication table is altered only 
in having all its signs made positive. If a 0, the resulting matrix M defines a 
linear transformation on the six variables A;;. It is known (author’s Linear 
Groups, pp. 145-155) to leave invariant the quadratic function 


3? 


whose square equals A (§3). Of several geometrical interpretations, the most 
elegant consists in regarding the A;; as the six line-coddinates in ordinary space, 
so that F=0. The matrix M therefore defines a transformation of the straight 
lines in space. We may also interpret the equation D—a (or S=0) as the total- 
ity of straight lines whose six line-codrdinates are subject to a quadratic condition. 
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NOTE ON THE NECESSARY CONDITION THAT TWO LINEAR 
HOMOGENEOUS DIFFERENTIAL EQUATIONS SHALL 
HAVE COMMON INTEGRALS.* 


By IDA MAY SCHOTTENFELS. 

Professor Von Escherich in the Denkschriften der Wiener Akademie, Vol. 
46, and later Heffter in Crelle’s Journal, Vol. 116, proved that there exists for 
linear differential homogeneous equations a theory analogous to that of algebraic 
equations, confining their researches to the analogues to theorems upon the High- 
est Common Factor and Lowest Common Multiple. 

During the past year Dr. Epsteen and Dr. Pierce revived this subject, and 
in THE AMERICAN MATHEMATICAL MONTHLY, Vol. X, March, 1903, pp. 63-68, Dr. 
Epsteen gives the necessary condition for one common integral, while Dr. Pierce 
gives the sufficient condition for > 1 independent common integrals. 

This note gives the necessary condition for two common integrals. 

The following example illustrates the method. 


a +a, +a,2° +a,r+a,=0, 


To find the necessary condition that equations (1) and (2) have two roots in com- 


mon. According to the well known dialytic method of elimination of Sylvester 
we may write 


a 


(3) +b, 24 +b,23+b,2? 
b,x? 


Eliminating 7°, z*, from (3) get 


a, @ 
0 a 
(4) b, b 
0 »b 
0 O 


Since (4) shall hold for at least two values of z, and yet is linear in 2, it is an 
identity in z, and hence 


* Presented to the American Mathematical Society (New York) October 30, 1903. 


— 

i 
i 
iit 
i 
if 

4, a,x+a, 
oO, b, O40 | —0. 
| o 5, 
0 06, b,2+6, 


(5) b, 5b, O | 5b, 5b, 5b, | 
8 “00 0 3B, | 


Hence the required necessary condition that equations (1) and (2) have two roots 
in common is the vanishing of determinants (5). 

The generalizatisn to equations of degree m aud n, that have p roots in 
common follows readily. The equation of degree m must be multiplied by 2*~ P 
while the one of degree m must be multiplied by x™—?. 

In exactly the same manner the analog of this method for linear homogen- 
eous differential equations can be developed. The theorem that a linear homo- 
geneous differential equation of the nth order has n and only » linearly indepen- 
dent integrals is employed, and the necessary condition is expressed in linear 
homogeneous differential operators, and has a form analogous to that of the nec- 
essary condition (5). 

Given the following two linear homogeneous differential equations: 


(I) ay(x)y'¥ +a, +a, + 4,(x)y=0, 
(II) +8, (@)y" 


If these two equations I and II have at least one common integral, we can by dif- 
ferentiation write, 


(II) +(28, "435, "+8, )y" +6; )y” 
+ Ge +8;,”.y=0 
Eliminating y’, y'’, y’’, y” from (IIT) we get 
a) 4a,'+a, a,’ +4, 
(IV) | Fo By "425, "+8, 7498," +8, | =0 
0 By ae (4, +8; 
0 0 By Boy 


which may be written Ay’+-»y—0. 

If there are two independent common integrals, [V must hold for two lin- 
early independent functions y (one not a constant times the other), whence A—0, 
or 
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ay a, +a, a, +a, a,'+a, as +a, 
0 45 as a, a 
14, 23,'+2; +23, +8, 8, +, +23, =0, 
0 Po Po +3; Py Pe +2; 
0 Po Ay Pe 
| a, +4, a,'+a, a,'’+a 
| O ae a as, a, 
(V 2) | 22 9 +2), +f, 74 T <9 +2; Ps =0. 
0 By +8, Bs 
0 0 79 74 3 


Hence V, and V, furnish the required necessary condition. 


New York Crry, September, 1908. 


LINEAR COVARIANTS OF a QUADRATIC AND 


By L. C. WALKER, Professor of Mathematics, Colorado School of Mines, Golden, Col. 


The definition of weight is that every coefficient is of weight w measured 
by its suffix, and that every product of coefficients is of weight measured by the 
sum of the suffixes of its various factors. 

A semi-covariant of the two quanties is a function of the two sets of coef- 
ficients, which is homogeneous in each set separately, and isobaric (equal weight) 
on the whole, though not necessarily in the sets separately. 

The practice of speaking of a covariant whose dimensions are partial de- 
grees 7,, 7, in the two sets of coefficients and » in the variables has of late become 
almost universal.* 

The degrees of quantics in the variables are generally+ spoken of as their 
orders p,, ps. 

The order », the partial degrees 7,, 7, in the coefficients of the binary 
quadratic and cubic 


(4,, 4,)(2, y)?, (by, bz, 


and the weight w of the semi-invariant which is the leading coefficient C, in the 
linear covariant, are connected by the relation i,p,+i,p,-—eo=2w. 

Here p,=2, p,==3, whence More generally, if m 
be any positive integer and » any positive odd integer, we have, from the condi- 
tions of linear covariancy, 2mi,+3ni,—1=2w. Thus the binary quadratic and 
eubic have an indefinite number of linear covariants. 


*Elliott’s Algebra of Quantics. {Ibid. 
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We now shall find the linear covariants, 


(a) (2; 1, 2; 1, 3); (8; 2,2; 1,3); 

(ce) (5; 1, 2; 3, 3); (d) (6; 2, 2; 3, 3). 

(a). Assume for the semi-invariant the most general form 
S= Cy +4,4,b, +420 


where 2,, 4, are arbitrary multipliers. Operate on this with the two annihilators 


a 
° da, 


d 


da,’ 


d d d 


9 


<a, 


and we obtain 
+2] 
for which to vanish we must have 
4,+2=0, 2A, +4,=0; i. A =—24,=—2. 


C,=a,b, —2a,b,+a,b,, 


C,=0,0C,+0,C, =a,b, —2a,b,+a,),, 


where we have used the annihilators 


=2a, dat da,’ 0, db, db, db,” 
Thus the linear covariant is 
I, (a,b, —2a,b, + —2a,b, +a5b, )y. 


The second transvectant of the quadratic and cubic gives I. 
(b). Including all possible terms, the semi-invariant is of the form 


Operate on this with. Q,,.Q,. The vanishing of the expression requires four 
linear equations in the 2’s, from which we find 


Ag=2, 


S=C, =a 2b, —3a,a,0,+a,a,b, +2a°b, —a,a,b,, 


C,=0,0,+0,0C, =—(a2b, —3a,a,b,+a,a,b,+2a7b, —a,a,b5). 


| 
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The linear covariant is 


The first transvectant of I and the quadratic gives II. The third transvectant of 
the cubic and the square of the quadratic gives II. 
(c). Assume the semi-invariant to be 


S=C, =4,b +4,4,6,0, 


+444 +4,4,6 7b, + b, + 
Solving as in (a), we obtain eight linear equations in the 4’s, from which we find 


4,=-2, A,=lI, A, =2, 4,=—4, 4,=-l1, 4,=8, 4,=—2. 


Thus the linear covariant is 


III. (a,b,6,0, —2a,6°6, +a,6,b,2 +2a,6,6,b, —4a,b,b2 
—2a,b,3)z 
—(a,b,b,b, —2a,b,b2 +a,b,°b, +2a,b,b,b, —4a,6,7b, 
+2a,6,b2 —a,b,62 +3a,b,6,b, —2a,b,)y. 

The first transvectant of I and the Hessian of the cubic gives III. The second 


transvectant of the quadratic and the cubicovariant of the cubic gives III. 
(d). Here we assume the semi-invariant to be 


S=0,=4 
+A,a,a,b 7b, 
+4, +4, 472626, +4, 
+A, +2, 40, 0,03 +2, +A; 


which includes all possible terms. As in (a), we obtain 


+a 22,,) (44, 64+44,5) + +4, +6) + 020,02 
(Ag $62, +32,) + 2b, 9) + 2 (4A, +32, 5) + 
(224 +42, +824) (Ay g +24, +44, +345) +0 bg (2h, 
+41, 9+32,). 


Its vanishing gives (5; 2, 2; 3, 3) relations which have to be satisfied by the 
(6; 2, 2; 3,3) multipliers. If then (6; 2, 2; 3,3) exceeds (5; 2,2; 3,3) we 


|| 
| 
i 
Me 
4 
H 
| 
i 
4 | 
Aly 
an 
a 
| 


262 


ean satisfy them, the number of the multipliers still arbitrary being (6; 2, 2; 
3, 3)—(5; 2, 2; 3,3) =17—15=2. 

First, the first transvectant (1), of the cubic and the square of I; and (2), 
of the Hessian of the cubic and II: or, second, the second transvectant (1), of the 
eubie and the square of I; (2), of the quadratic and the product of I by the Hes- 
sian of the cubic; and (3), of the Hessian of the cubic and the product of the 
quadratic by I: or, third, the third transvectant of the cubicovariant of the cubic 
and the square of the quadratic—either first or second or third shows that the parti- 
tions* a,°b,b, and a.?b,b,? are absent from this linear covariant. We then have 
44 ¢==4;,=-0. Now from the other fourteen linear equations in the 2’s we obtain 


The required linear covariant is 


(a,°b,6, —3a,7b,b,b, +2a,°b,3 —3a,a,b,b,b,+6a,a,b,°b, —3a,a,b,b, 
—a,a,b2b, —2a2b,2b, 
—a,a,6,b,b, +2a,a,b,°b, —a,a,b,b,2 —2a°b,b,b, +4026, —2a7b,b2 


The number of linearly independent semi-invariants of given weight w and 
partial degrees 7,, 7, of the quadratic and enbic, is given by 


(w; tr, Pris te, —(w—1; $15 te, Pe). 


This expression is not applicable when it exceeds unity for all values of m and n 
that do not give linear semi-invariants, because to each of these values corres- 
ponds one and only one linear covariant for a transvection of some combination 
(1), of the two quanties; or (2), of their covariants; or (3), of the quantics and 
their covariants. Professor Paul Gordan has proved that a complete system of 
transvectants is coextensive with a complete system of covariants, also including 
invariants as a particular case. For the geometrical interpretation of this sys- 
tem of quanties, see Art. 198 of Salmon’s Higher Algebra. 


* For the theory of numbers of partitions, see Professor Cayley’s second memoir on Quantics (Col- 
lected Works, Vol. II). 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


169. Proposed F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, Ohio. 


At what rate per cent. must a note be discounted at the end of a quarter of a year 
in order to produce a discount equivalent to 10% interest for the year? 


No solution received. 


170. Proposed by J. F. LAWRENCE, A. B., Breckenridge, Mo. 


Suppose the market value of 5% bank stock to be 11 1-9% higher than 8% corpora- 
tion bonds; I realize 8% on my investment, and my income from each is $180. What did 
T invest in each? 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, West Va. 
114%=}. «The 5% stock costs 4° as much per share as the 8% stock. 
Idvestment in 5% stock 


X in 8% stock+78>. 
.. Investment in 5% stock : Investment in 8% stock—16 : 9. 
Total investment—$360 + .08—$4500. 

Investment in 5% stock—}% of $4500—$2880. 


Investment in 8% stock—,% of $4500—$1620. 
Also solved by H. B. LEONARD, B. S., and G. W. GREENWOOD, B. A. 


171. Proposed by JOHN S. ROYER, Editor of The School Visitor, Columbus, Ohio. 


A drawer made of inch boards is 8 inches wide, 6 inches deep, and slides horizontal- 
ly. How far must it be drawn out to put into it a book 4 inches thick, 6 inches wide, and 
9 inches long? 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va., and H. B. LEONARD, B 


Let a=length of book, b=its thickness, c—depth of drawer, rz=distance 
it must be drawn out. If we draw out the drawer just far enough to put in the 
book lengthwise we have from the figure properly drawn, a : z=c : bor9 : c= 
5:4. Therefore x=7} inches. 


ALGEBRA. 


183. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


Find the condition that z : y : z may be real, given that Saz*—Saer—0 
and 


i 
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Solution by H. B. LEONARD, B. 8S. 
From ar? +-by?+cz* aa® we get 


x? (aa? )a+2aabsry+-y? )b—0, 


y a(1—b?) a(1—cy?) 
bey + Vv (—abe) 
b(1—aa*) 


Assuming a, b, ¢, a, 8, y to be real, then in order that 2: y : 2 may be 
real, 1/(—abc) must be real. From ax*® + by? +cz?—0, it is clear that a, b, ¢ can 
not all have the same sign and hence we must have one of the quantities a, 6, c 
negative and the other two positive. 


184. Proposed by J. A. CALDERHEAD, B.Sc., Professor of Mathematics, Curry University, Pittsburg, Pa. 
If m rows, viz., the h,th, h,th, ....} h»th, be transferred so as to become 
the Ist, 2nd, ...., mth, without altering the relative positions of the remaining 
rows, and that » columns, viz., the k,th, k,th, ...., k,th, be similarly transformed 
the determinant thus obtained is the same as the original or differs from it only 
in sign according as h, +h, +....+h,—4m(m+1) +k, is 
odd or even. [Muir.] 


Solution by G. W. GREENWOOD, B. A. (Oxon), G. B. M. ZERR, A. M., Ph. D., and H. B. LEONARD, B. S. 


In transferring the pth row (or column) to the qth row (or column) there 
are p—q interchanges of adjacent rows (or columns) and therefore p—q changes 
of sign. Hence, in the given example, there are 


changes of sign, and the determinant is unaltered in value, or differs only in 
sign, according as this value is even or odd; not odd or even as stated. 


185. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 
Without introducing radicals, eliminate x and y from the equations 
(1) az? (2) ay? +by+d—0, and (3) ar?y? + bry+e=—0. 
I. Solution by H. F. MacNEISH, A. B.. Instructor in Mathematics, University High School, Chicago, I1l., 
G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va., and J. E. SAUNDERS, Hackney, Olio, 
The eliminant of (1) and (3) is 


a, b, C, 0 

0, a, b, _o 
& 

0, by, e 


| 
(h, —1) + (h, —2) (am —m) + —1) + —2) +--+ Chan), 
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or for 
(4) ac* y* —b® cy® +y? (b°e—2ace +- b?e) ey + ae? =0. 


The eliminant of (2) and (4) is 


ac? ae? 0 
0 ac? b®?c—2ace+ ae? 
a b d 0 0 0 |_»9 
0 a b d 0 0 ieee 
0 0 a b d 0 
0 0 0 a b d 


which reduces to 


b(abe—bed—c*d), —ate? 
a b d 
be(ac+bd), ac?d — ed —2acde+b*de—aze*), be(ae+bd) 


II. Solution by the PROPOSER. 

To avoid the introduction of determinants of high order, we proceed thus: 
Multiply the third equation by a and replace a*xz*y? by ax*.ay® obtained from 
the first and second. 

+ ed=0. 

Substituting in the second equation the value of y thus rationally deter- 
mined, and dropping the factor a (the case a—0 being trivial), we obtain 
a second quadratic for z: 


(a+b-+ d)b* dx* + (2ade + 2cd? bed —abe—b2e)bx+-(ae+ed)* —b2ce=0. 
The eliminant may now be determined in simple form. 


186. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 
Eliminate z and y from the equations (1) ax*-+-br*+-cr+d=0, (2) ay®+ 
by? +cyt+e=0, (3) + bx’ y?-+cry+f—0, the eliminant to be rational in 
d, e, f. 


Solved by H. F. MacNEISH, A. B., Instructor in University High School, Chicago, Ill., and G. B. M. ZERR 
A. M., Ph. D., Parsons, W. Va. 


Using the same method as in No. 185. 


GEOMETRY. 


203. Additional solutions of problem 203 have been received from G.W.GREENWOOD, B.A. (Oxon) 
Professor of Mathematics and Astronomy, McKendree College, Lebanon, Ill., and J. CHARLES RATH- 
BUN, A. B., Assistant in Physics, University of Washington. 


205. Solutions of problem 205 have also been received from G. B. M. ZERR, A.M., Ph.D., Parsons, 
W. Va., and G. W. GREENWOOD, B. A. (Oxon) Professor of Mathematics and Astronomy, McKendree 
College, Lebanon, Ill. 
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206. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud. England. 
ABCD is circumscribed by a circle center 0, and it cireumscribes a circle 


radius r. The perpendiculars from C on the sides are 2, y, 2, u. Show that 
440.BD=r3z. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
The problem should read ‘‘the perpendiculars from O”’ instead of ‘‘the per- 
pendiculars from C. 
Let a, b, c, d denote the sides AB, BC, CD, DA, respectively; z the per- 
pendicular on a; y, on b; 2, onc; u, ond; R=cireum-radius. 
Then z=)/ (R*? —4a?). R= —AC) 2sinB. 
AC* =a? +b* —2abeosB=—c? +d? +2cdeosB. 


1 b—acosB a—beosB 


9 2 9 ° 


(a—c)(ate) + (b—d)(b—d) _ (a+c)(a+b—c—d) 
2(ab+ed) 2(ab+ed) 


(abed) 1/(abed). (at+b—c—d)* / (abed) 


4(ab+-cd)sinB=81/ (abcd). 


207. Proposed by W. W. HART, University High School, Chicago, Ill. 


According to Gauss the circumference of a circle can be divided into n 
equal parts by ruler and compass only, when n is a prime of the form 22?+1. 

The following construction gives good partial results for n equals any inte- 
ger. If AB is the diameter of the circle, and C is the vertex of the equilateral 
triangle ABO, and if D is a point on AB at the distance 2AB/n from A, then 
draw the line CD cutting the circle at EH and F; HE being the more remote from 


t 
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C. AE=1/n circumference approximately. For low values of x this method is 
very practical; is it practical in general? How great is the error? 


I. Solution by H. F. MacNEISH, A. B., Instructor in Mathematics, University High School, Chicago, III. 
Join OF. Let ZACD=x and / AOE=y; then DCB=60°—2z; ADC=120° 
—x; DAE=90°—4y; AED=30°—2+3y. AD=2AB/n=4r/n; AB=AC=BO 
—=2r; AO—OH=r. 
_AD _4r/fn_ 2 


(1). (n—1)sinz=//3 // (1—sin?z). 


and cos(120—7)== (4) 


From (5) and (6), cosdy 


siny[sin(30—7)cossy + sindycos(30—2z) ]=2sinzeossy, 
or siny[ ]—2sinzeossy. 
Hence from (1), siny[ —cos(120—7)cossy-+ snsindysinzg ]—2sinzcossy 
or sinz[nsinysingy —4cossy 
or since siny-=2sindycossy, sinz[nsin® 4y—2]—sinyeos(120—z). 


Then from (2) and (4), 


siny. 


21 2 | =(n—4)siny. -,3(n—neosy —4)?=(1—cos?y)(n—4)?. 


—4)[38n+)p/ +16n—32)] 
4(n? —2n+4) 


|_| 

| 

— 
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Then for the positive value of the radical we obtain the following values of y for 


5, 
n cosy log cosy 
3 —3 
4 0 — 
5 — 9.49107 
6 4 — 
7 me 9.79393 
8 9.84806 
9 ~~ 9.88248 
10 9.90599 
11 9.92286 
12 9.93545 
24 9.98363 
48 9.99516 
90 — 9.99818 
180 9.99967 
360 a 9.99995 


The construction therefore has an error of over 14 


y 2zx/n 
120° 120° 
90° 90° 
71° 57’ 12” 72° 
60° 60° 

51° 31’ 23” 51° 25° 43” 
45° 11’ 14” 45° 
40° 16’ 38” 40 
36° 21’ 18” 36° 

33° 58” 32° 43’ 38” 
30° 28’ 15” 30° 
15° 38’ 15° 

8° 32’ 30” 7° 30’ 

5° 14’ 30” 4° 
2° 15’ 2° 
49’ 40” to 54’ 40” of 


and for large values of the error is very great. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, West Va. 
Let O be the center of the circle, AO=R=EO. Then CO=R,/3, DO=R 


—4R/n=(R/n)(n—4). 


sinDOO—— 


(4n? —8n+16) ’ 


sin(90°+ DOE)=sin(180°— DEO— DCO) ==sin( DEO-- DCO). 


cosDOE=sin( DEO'+ DCO)= 


For n=3, 4 and 6 the error is nothing. 


tangent DCO=(n—4)/ny/3 


(n? +16n—32)] 


Error 
0 
0 
2’ 48” 
0 
5’ 40” 
34" 
16’ 38” 
25’ 15” 
Ze 15" 
38’ 
220" 
1° 14’ 80” 
18’ 
7’ 30” 


(n—4)//3 
V (4n? — 84416) 


_COsinDCO _ 
sinCED = — 


4n? —8n+16 


For n=—5 the side and angle are a trifle small. 
For n>6 the side and angle are too large but the error varies. 
For n=8, cosDOE=.70479, DOE=45° 11’ 14.5”, an error of 11’ 14.5”. 
For n=12, cosDOE=.86186, DOE=30° 28’ 25.7”, an error of 28’ 25.7”. 


For n=20, cosDOE=.95091, DOH=18° 2’ 40”, 


Rate of 
error 
-0007 
.0000 
.0018 
0042 
.0069 
0099 
.0129 
.0422 
.1389 
3104 
.1250 
.1250 


% for values of n>12, 


an error of only 2’ 40”. 


*In solution I, Mr. MacNeish finds the error for n=12 to be 28'15", otherwise the two solutions agree. Ed. 


For n=72, cosDOE=.99559, DOE=5° 29’, an error of 29’. 
For large values of n the error is much too great for any purpose. 
Also solved by J. E. SANDERS, Hackney, Ohio. 


CALCULUS. 


165. Proposed by CAPT. T. C. DICKSON, Ordnance Department, United States Army, Washington, D. C. 
Solve by integration the differential equation 


A(d?\? 


in which A, B, C are given functions of £, but independent of ¢. 


Solution by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 
In view of the nature of the coefficients, we regard = as the independent 
variable and ¢ the dependent, the formulae of transformation being 


a . att ): 
a: 
The given equation thus becomes 


d?t <Adt (ar)=9 


dz? Bd: B\d? 
Set whenee t={ Then t+ 


Divide by y* and set z=y-*. The resulting differential equation 


de 24 20 
B 


0 


is linear. By the usual method, we get 


169. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, 0. 


Find the value of y from the Eulerian equation 


dx 


(a? +1) 


= 
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Solution by G. B. M. ZERR. A. M., Ph. D., Parsons, W. Va. 
V 3(24+] ) 


Letz= 


, 


dx dz udu 


1 du 1 (2u—1)du 1 du 


( (1+)? 1 


+1)) 


where u= 
V 3 


170. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 


Find the center-locus of conics having 4-point contact with a given conic 
at a given point. Show that the conic of minimum eccentricity is given by 
e+tan® p+ 4e* —4—0, where e is its eccentricity, and ¢@ is the angle which the lin- 


ear center-locus above makes with the normal to the curve at the point. 


Solution by WILLIAM HOOVER, Ph. D., Professor of Mathematics in the State University, Athens, Ohio. 


The codrdinates of the center of any conic 


af—bg _ gh—af ,, 


and the eccentricity is given by 


e+ —1)=0.....(4). 


If the tangent and normal to the given curve be the axes of abscissas and ordin- 
ates, the equation of the conie having 4-point contact with the given conic is of 


, the form 


ax? -+ Zhay-+-by® =0.....(5), or, (a—2)x* +2hay + by? +2gr—0.....(6). 


Comparing (1) and (6), a=a—/, f=0, c=-0.....(7), and (2) and (3) become 


bg gh 


ax® +2hay + by? + 2gx+2fy +c—0....(1), are 
{ 
(9)+(8) gives y,—(h/b)z,....(10), the locus-center. Thus the ‘slope’ is 
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—(h/b), and the tangent of the angle (10) makes with the y axis is 
tang==—(b/h)....(1]). Substituting a—a—A in (4), we find 


a—i+b 


Equating du/d/ to zero, we find (a—1)b—b® —2h? =0, or, 


2 2 


This becomes by (11), e+tan*® p+ 4e*—4—0.....(16). 

Also solved by G. W. GREENWOOD, B. A. (Oxon), Professor of Mathematics and Astronomy in 
McKendree College, Lebanon, Ill., and by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

171. Proposed by J. E. SANDERS, Hackney, Ohio. 


A thread passes spiraily around a rough cylinder 10 feet high and 6 inches in diame- 
ter. How far will a pigeon fly in unwinding the thread if the distance between the coils is 
4 inches, and the thread unwound is at all times horizontal? 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, West Va. 
Let r=radius of cylinder=3 inches=4 feet; d=distance between coils 


=4 feet; m=number of coils=30. Then from Vol. I, No. 6, pages 318-320 of 
this Journal* we have for the required distance 


S=rm?//(422r? +d?) feet—9007) + feet—4540.246 feet, nearly. 


II. Solution by H. B. LEONARD, B. S. 
Circumference=6-. Length of thread on one turn=)/[(67?)+4?]. 
Number of turns=(12 x 10)+4=30. Total rotation=607. Angle of elevation 
4 
+47] 
winding of d6@ produces an increase of dz—3tanza.dé in altitude, of dr—3seea.dé in 
direction of flight, of de—3)/(0*sec*a+1)d@ normal to direction of flight. 


of thread on cylinder=«=sin- During the bird’s flight, an un- 


(ds)? =(dr)? +-(dz)* + (de)? sec*a+9)(d6)? 
= ds=3seca)/ (2+6?)dé. 


607 
S =f 3seca)/(2+6? (2 +0? )dd=3seca [ac 2+0?) 
0 


* See also Vol. 1, pp. 88-89. Eb. 


Substituting (7), (13) and (14) in (4) and reducing 
| 
| 
if 
| 

U 
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6=60 
+2log[é+y (2+07)]} | ) 
6=0 


2log[ 60=+4/ (2+ 8600=* ) 2log(0+7/2)]} 
=3seca{3071/ (2 + 36007?) + log[60=-+ (2+3600z* ) ]—log)/2}=4540 feet. 


DIOPHANTINE ANALYSIS. 


116. Proposed by HARRY S. VANDIVER, Bala, Pa. 
If » is an odd positive integer, and 1, n, n’, n’, ..... denote all its distinct 
divisors, then +1]... 
Solution by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 
There is a single exception n=3, for which 28=2[3+1]. The corrected 
theorem may be proved by induction, using the following lemma: 
If p is an odd prime number and d and = positive integers, 


d], 


except for d=1, s=1, p==3, the equality sign then holding. 
For proof we apply 


But [p—l]td+td, if p>2. 
The equality signs hold simultaneously only when t=d=1, p=3. Henee, for 
p>2, [1+d]}*?-)>1+ ld unless t=d=1, p=3, so that the lemma follows. 

To prove the theorem by induction, we note that it is true for n=p™ >3, 
in view of the lemma ford=1. Assume that it has been verified for n=p,™p," 
We proceed to prove it true for N=np" , p being prime ton. We have 


QN—[2"] 
5 
in view of the lemma. But the distinct divisors of ‘N are 
The theorem is therefore true for N. 


118. Proposed by L. C. WALKER, A.M., Professor of Mathematics, Colorado School of Mines, Golden, Col. 


Find the two least integral numbers such that their sum shall be a square and the 
sum of their squares a biquadrate. 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Let and y be the numbers, then for z+y=1], 2? +y?=13, 
x-=120, y=—119. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


189. Proposed by S. F. NORRIS, Professor of Astronomy and Mathematics, Baltimore City College, Balti- 
more, Md. 


Qy—z 
Solve 32—y=ary—2"*, 


GEOMETRY. 


212. Proposed by B. F. FINKEL, A.M., M.Sc., Professor of Mathematics and Physics, Drury College,Spring- 
field, Mo. 


Given two triangles ABC and A’B’O’ lying iti the same plane. The side 
B'C' cuts the sides AC, BC, and AB in the points J, H, and G, respectively ; the 
side A’B' cuts the same sides, AC, BC, and AB in D, F, and £, respectively ; and 
- A'C’ cuts AC, BO, and AB in M, L, and K, respectively. Prove that 
(DA'.EA'.A'’F) (GB'.HB'.B'I) (MC'.LC’.C'K) 
(1C'.C'H.C'@). 


213. Proposed by H. F. MacNEISH, A. B., Instructor in Mathematics, University High School, Chicago, Ill. 


Construct an equilateral triangle which shall have its vertices in three given paral- 
lel lines. 


214. Proposed by H. F. MacNEISH, A. B., Instructor in Mathematics, University High School, Chicago, III. 
Inscribe in a given circle a triangle whose sides shall pass through three given points. 


CALCULUS. 
173. Proposed by J. E. SANDERS, Hackney, 0. 
Find the area of the greatest ellipse that can be inscribed in the quadrant of a given 
circle. 


MECHANICS. 


164. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


P balances W on a system of n movable pulleys of equal weight, each hanging by a 
separate string. If P is moved find the maximum acceleration of W. 


AVERAGE AND PROBABILITY. 


150. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, 0. 
If the length of a circular arc be 6 and the radius vary uniformly, what is the aver- 
area of all the segments possible? 
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151. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 


If A and B play tennis together, find the probability that A will win, given that a is 
the probability that A will win a given point and b the the probability that 8 will win the 
point. 


NOTES. 


The index for Vol. X will be mailed with the opening number for 1904. 


Mr. C. Gilman has been appointed Instructor in Mathematics and Survey- 
ing at Harvard University. 


Mr. Walter J. Risley has been appointed Instructor in paineeioe at the 
Armonr Institute, Chicago. 


Mr. C. R. Burger has been elected Assistant Professor of Metheeniten at 
the Colorado School of Mines. 


Dr. H. E. Hawkes has been promoted to an Assistant Professorship of 
Mathematics at Yale University. 


Professor R. J. Aley, of the University of Indiana, has been ected to the 
editorship of the Educator-Journal. 


Professor F. Anderegg, of Oberlin College, is away on leave of absence. 
He is spending the year in study and sightseeing in his native country, Switzerland. 


Dr. Charles H. Ashton, previously Instructor in Mathematics at Harvard 
University, has been appointed Assistant Professor of Mathematics at the Uni- 
versity of Kansas. 


The Chicago Section of the American Mathematical Society will meet at 
St. Louis, Mo., during the Christmas recess. 


The San Francisco Section of the American Mathematical Society met at 
the University of California on December 19, 1903. 


The Central Association of Science and Mathematics Teachers held its an- 
nual meeting in Chicago on November 27 and 28, 1903. 


An organization meeting of Teachers of Mathematics in ths Middle States 
and Maryland was held in affiliation with the Association of Colleges and Pre- 
paratory Schools of the Middle States and Maryland at Columbia University, on 
Saturday, November 28th, 1903, in Milbank Memorial Chapel, Teachers College. 


Any of our subscribers wishing to correspond with Mr. Finkel on matters 
of business pertaining to the MonrHLy should send such correspondence directly 
to him at 204 St. Marks Square, Philadelphia, Pa. All subscriptions and requests 
for sample copies, etc., should be sent to W. C. Calland, Treasurer, Drury Col- 
lege, Springfield, Mo. 
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INDEX TO VOLUME X. 


ALGEBRA, ARITHMETIC (see Problems below). 
DIOPHANTINE ANALYSIS (see Problems below). 
GEOMETRY (see Problems below). 
MATHEMATICAL PAPERS. 
Cajori, F. On the Chinese Origin of the Symbol for Zero 
Collins, J. V. A General Notation for Vector Analysis.................... 
Dean, G. R. Derivation of Formula for tansA in Spherical Trigonometry. . 
Note on the Polar of a Point as to a Conic.......................00e- 
Denis, A. (Miss). A Discussion of the Cases when Two Quadratic Equations 
Involving Two Variables can be Solved by the Method of Quadratics. . 
A Generalization of Symmetric and Skew-Symmetric Determinants. . 
Epsteen, 8S. Determination of the Group of Rationality of a Linear Differ- 
Analog of Sylvester’s Dialytic Method of Elimination.......... .... 
Goodspeed, E. J. The Ayer Papyrus (with plate facing p. 119)............ 
Greenwood, G. W. Some Fallacies in Text-Books on Elementary Solid 
A Pedagogical Question in Spherical Trigonometry.................. 
An Extension to Central Concoids of a Theorem Concerning the Seg- 
Himel, C. M. Converse and Opposite Propositions 
Graber, M. E. A General Theory of Projectiles........................-005 
Haskell, M. W. On a Certain Rational Cubic Transformation in Space.... 
Generalization of a Fundamental Theorem in the Geometry’of the 
Henderson, A. The Derivation of the Brianchon Configuration from Two 
Harmonic Pairs in the Complex Plane.............. 
Kasner, E. The Group Generated by Central Symmetries, with Applica- 
Llano, Antonio. Properties of the Function (l+a)®.... 
McKinney, T. E. Concerning Simple Continued Fractions 
Miller, G. A. An Elementary Example of Modular Systems 
Appreciative Remarks on the Theory of Groups 
On the Definition of an Infinite Number............................-. 
On the Groups of the Figures of Elementary Geometry...... ....... 
Moritz, R. E. On Certain Proofs of the Fundamental Theorem of Algebra. . 
Newcomb, Simon. An Account of Prof. Runkle’s Mathematical Monthly. . 
Peirce, A. B. Sufficient Condition that Two Linear Homogeneous Differen- 
tial Equations shall have Common Integrals........... .............. 
Schottenfels, Ida May. Note on the Necessary Condition that Two Linear 
Homogeneous Differential Equations shall have Common Integrals. 
Sisam, C. H. The General Euclidean Construction ....................... 
Taylor, W.E. On the Product of an Alternant by a Symmetric Function. 
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219-226 
254-256 


4-8 
63-64 
133-135 


8-9 
101-102 


199-200 
89-90 
230-231 
98-101 
1-3 


30-33 


36-41 
90-97 


57-63 
151-153 
244-246 
241-244 

27-30 

87-89 
154-155 
214-218 
159-161 
130-133 


65-68 
257-259 


97-98 
119-130 


| 
= | 
252, 279 
35 
9-11 
161-163 
11-12 
34-35 
69 
192-199 
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Tyler, H. W. Biography of John Daniel Runkle .....................6... 183-185 
Walker, L.C. Linear Covariants of the Binary Quadratic and Cubic...... 259-262 
Williamson, A. W. Computation of Logarithms.......................... 70 
Young, J. W. A. Concerning the Bibliography of Mathematics............ 186-191 
Young, John Wesley. A Simple Existence-Proof for Logarithms.......... 227-230 
Zerr, G: B. M. Loci Belated toa Conic. 156-159 
25, 85, 116-117, 149, 181, 214, 240, 252, 274 
ARITHMETIC. 
163. Criticism on Solution of Problem. Arnold, Walker........................ 12 
165. A borrows $2000 payable in 100 equal payments. Finkel, Zerr.............. 71 
166. From selling prices of two farms and gains, to find cost. Matz, Zerr........ 102-103 
167. Find distance apart of poles given the speed of atrain. Matz, Zerr........ 163 
168. Given percentages in buying and selling to find gain. Matz, Zerr.......... 163-164 
169. Quarterly discount on note equals 10% interest per year. Matz............ 263 
170. Stocks and bonds, to find investment. Lawrence, Zerr, Leonard, Greenwood 263 
171. Distance of pulling out a drawer for book to fit in. Royer, Zerr, Leonard. . 363 
ALGEBRA. 
154. Reciprocant of ar? +3bx*y?+ay?+d=0. Matz, Finkel................ 41-42 
164. Form eliminant between mzx*-+py? and px*-+my?=0. Matz, Dickson 13-14 
166. Solve ax+by=2zx, cz+fa=—2yz. Baker,same, Walker.... 14-15 
167. Weight of m pounds falls and breaks into n pieces. Zerr, same, Griffin, 
168. n,n+2, n+6, n+8, n+12 are primes; find n. Greenstreet, Finkel.......... 71 
169. x+y+z*=c. Colaw,Walker,Zerr,Baker 72-73 
170. Solve x*y*?-+-x2=a, ry+y*=b. Norris, Baker, Sanders, Zerr.............. 73-74 
171. Solve ay? +a=bry+cx, +b=ary+cy. Schottenfels, Zerr, Baker. . 108 
173. Solve /(b+y+e)=a, /(e+e+y)=y. Colaw,Walk- 
174. (m+1)th convergent of a continued fraction. Vandiver, Zerr, Greenwood.. 1386-137 
176. Solve z?+y?+z=a, 2+y?+2*=), z?+y+2%=c. Baker, Zerr........ 164-165 
177. Solve m*(m* +m*)m. Matz, Baker, Bassett, Sherwood.... 165 
178. Relation between nth powers of numbers. Greenstreet, Zerr.............. 147 
179. Roots of algebraically solvable quintic. Dickson..... .................... 201 
180. If r/s makes m/(p? —2) integral then (3r-+-4s)/(2r-+3s) is integral. 
182. /(ai—b, )+a, /(4;—b,) +--+ Lawrence, Zerr...... 247-248 
183. Sac*=—1, find condition for z:y:z=real. Greenstreet, 
184. Sign of adeterminant. OCalderhead, Greenwood, Zerr, Leonard............ 264 
185. Solve without radicals +bzr+c=0, ay?+by+d=0, ax*y? + bry+e 
=0. Dickson, MacNeish, Zerr, Saunders........... 264-265 
186. ay*+bdy*? +cy+e=0, ax +ery+f=0; 
eliminate x, y rationally. Dickson, MacNeish, Zerr.................. 265 
GEOMETRY. 
178. Shortest car that will hold given cylinder. Arnold, Philbrick.............. 44-45 


| 
| 
| 
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191. 
192. 
193. 
194. 
195. 
196. 


197. 


199. 


Trisect angle by méans of hypocycloid. Adams, Zerr, Quinn, Graber...... 
Maximum triangle on given base. Hume, Zerr, Short, Walker............ 
Ratio of zone to hemisphere. Beyens, Hitt, Zerr, Greenwood......... .... 
Economical packing of regular tetrahedrons. Baker, same................ 
Square circumscribing quadrilateral. Sawyer, Hitt, Scheffer, Locke.... 
Concurrent lines in quadrilateral circumscribing circle. Vandiver, Hitt, 
Generators of confocal hyperboloids. Walker, Zerr.......................- 
Trisect angle by means of cissoid, paraboloid. Quinn .... ................ 
Vertices of triangle on given line, find locus of third vertex. Anderegg, 
Tangents to concentric coaxial ellipses. Greenstreet, Zerr.................. 
Projections of conic sections on plane perpendicular to axis. Greenstreet, 
V (la) (m3) +// (my)=0 and 137+may+njfa represent ellipses 
Two parabolae through vertices of a triangle touching circumeirele. sreen- 
street, Zerr, Greenwood, Rathbun... 248-249, 
Construct triangle given angle, its bisector, and sum of including sides. 
Volume of parallelopiped on semi-conjugate diameters of ellipsoid. Walker, 
ABCD is inscribed in circle O. x, y, z, u are perpendiculars from O to the 
sides, r=radius inscribed circle, 4AC.BD=rSx. Greenstreet, Zerr.... 
Division of circle into any number of equal parts. Hart, MacNeish, Zerr, 


‘CALCULUS. 


Driving from sun at equinox, to find the path. Downer, same.............. 
yiv+2y''=sin2e+sinz—x. Matz, Hornung, Walker, Scheffer, Landis, 

Volume common to + and xz?= =(a— Zerr, 

Ellipse rolled on tangent ellipse. Walker, Zerr, Scheffer, 
Cut hole of given size through grindstone. Walker, Hoover, Zerr, Greenwood 
Curve of pursuit on right cone. Finkel, Sanders.............. 
Cylindrical oil tank, ete. Nagel, Zerr, Greenwood 
ry’ —y=2)/(x2*-+y?). Sanders, Zerr, Sherwood, Graber, Higley, Walker, 

Curve whose abscissa varies inversely as ordinate. “Matz, Zerr 
Evaluation of a definite integral. 


+A/B.p?—C/B=0; A, B, C functions of T.C. Dickson, L. E. 


Volume by revolution of (y? +2? )=a? (2? —y?). Zerr, Green- 


Evaluation of a definite integral. Zerr,same............... 
The x-intercept of tangent equals m times the y-intcreept. Matz, Scheffer, 
Evaluation of Eulerian integral. Matz, Sere 
Locus center of conic having four point contact with given conic. Green- 
Pigeon unwinds thread from arough cylinder. Sanders, Zerr, Leonard... 


166-167 
202 


202-203 


203-205 


231-232 


266 


266-269 


15-18 
45 
46-47 
47 


75-76 
205 


138-140 


140 
167-169 
83 


269 


249 
206 


249 
269-270 


270-271 
271-272 
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74 
75 
103-104 
104 
137 
138 
= 165-166 
198. 166 
{ 
201. 
202. 
208. 
265 
204. 
205. 
265 
208. 
= 
207. 
154. 
155. 
156. 
157. 
180. 
160. 
161. 
162. 
164. | 
165. 
= | 
168. q 
170. 
| 
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MECHANICS. 
Pressure perpendicular to plane yz, find displacement. Zerr, same........ 18-20 
Suspended particle rises to horizontal position. Greenstreet, Zerr.......... 47-48 
Beads hung from horizontal line. Greenstreet, Zerr...................00055 77-78 
Equivalent force systems in plane triangle. Zerr, Greenwood....... ...... 106 
Elastic ball projected along tube. Greenstreet 24 
Ball of lead tangent toballof rubber. Matz ..............c..ccccccescncees 24 
Equiangular polygon suspended from vertex. Greenstreet, Zerr, Greenwood 141 
Bar in equilibrium on curve. Graber, Greenwood, Sherwood, Zerr........ 141 
Beam rests on parabola. Graber, Greenwood, Sherwood........ ........... 169 
Elastic particles slide on cycluid. Greenwood, Zerr.................-..006- 170 
Waterfall h feet high supports 2h feet of water. Wright, Zerr.............. 170 
Time it takes a tree of uniform density to fall. Sanders,same.............. 282-233 


AVERAGE AND PROBABILITY. 


Circular pond in circular field. Drane, Finkel....----................ ..... 108-112 
Center of circle on extremity of major axis of ellipse. Walker, Zerr........ 21 

Average ellipse inscribed in triangle. Scheffer, Zerr........................ 50 

Probable error in volume of parallelopiped. Zerr.....................2.04. 51-52 

Tetrahedron inscribed in sphere. Walker, Zerr .. 173 
Volume common to intersecting spheres. Walker, Zerr.................... 144-145 
Inscribed polygon and center of circle. Zerr, Scheffer...................... 145-146 
Area common to circle and parabola. Walker, Zerr....................06- 174-175 
Random points of circle are diagonals of squate. Walker.................. 175-176 
Distance between points of rectangle. Walker, Zerr....................44. 176 
Area of various plane figures. Zerr, ees 208-209 
Tetrahedron inscribed in sphere. Walker, 233 
Triangle tangent to hypocycloid. Walker, 233 
Square plate on circular table. Matz, Zerr...............sccccccccscnceces 210-211 
Four circular ponds in circular park. Matz, Zerr...................0seeeee 236 
Random circle in each quadrant of given circle. Matz, Zerr...... .... .... 249-251 


DIOPHANTINE ANALYSIS. 


a*y+2az?—y*e impossible for x, y, z integers. Vandiver, King .. .... 22 
Factors of sums of squares of relative primes are sums of squares. Sawyer, 
Cube root of 3 cubes equal to square root of 2 squares. Matz, Finkel...... 78 
Odd factors of a2™+}2m are of form 1(mod2™+1), Vandiver................ 171-172 
a+y+z, x+y, y+z,z+x squares. Walker, Cross, Bell.... ................. 141-143 
Vandiver, Dickson....... ................ 143-144 
Rational triangle, sides differ by unity. Walker, Zerr, Bell................ 172-173 
Four integers, every difference is a square. Walker, Zerr.................. 206-207 
2(a+b+1)+2)/[12ab—3(a+b—c)?*] is asquare. Sanders, Zerr.... 207 


Sum of two squares minus third square equals square. Walker, Zerr...... 207 


|_| 
i 
144. 
| 147. 
| 149. 
| } 150. 
151. 
152. 
153. 
154. 
155. 
156. 
157. 
158. 
159. 
90. 
125. 
126. 
127. 
128. 
130. 
131. 
182. 
133. 
134. 
135. 
136. 
187. 
138. 
139. 
140. 
141. 
142. 
143. 
144. 
145. 
101. 
102. 
103. 
104. 
105. 
107. 
109. 
112. 
| 113. 
| 114. 
115, 


116. 1,n,n’, n’”....are divisors of n, an odd positive integer, then 2">(n+1) 

117. Solve z?—149y?=—1 without using continued fractions. Ghristie.... 180 
118. 2+y==a?, find integral solutions. Walker, Zerr.... ..... 272 

MISCELLANEOUS. 
4mz 

124. (cosd+ isin?) (cos2é + isin2é)._. =n ply’ Young, Greenwood, Zerr.... 52 
125. Fourier series for r=acosv; y=bsinv; r=a(1—ecosv). Matz, Zerr.......... 52-53 
126. Latitude from observations on star. Scheffer, Zerr........................ 53-54 
128. Diagonals of trapezium. Sanders, Zerr, Walker, Scheffer, Northrup........ 81-82 
129. Altitude necessary to see sun at midnight. Scheffer, Zerr, Wright, Green- 

agi. Power series for="*. Zeer... 114-115 
182. Arrange officers in square. 55 
133. H,, is self-conjugate in G,,, if m is prime<m. Vandiver, Zerr........ 148 
135. Invariants of binary quartic. Walker, 177-178 
136, Greenstreet, 211-212 
137. Transvectant of binary cubic. Walker, Zerr, Greenwood.................. 212 
Invariants of ternary quartic. 237 
139. Covariants of cubic from the roots. Walker.................. ecekwbeeueety 237-238 

ERRATA. 


Page 78, for No. 106, read 112. 

Page 115, next to last line, delete —.0095.Msin? g. 

Page 117, last line, for Bulletin American Mathematical Society, read Science. 
Page 243, ll. 15 and 24, and p. 244, 1. 7, for (—b+)/D)/a, read (—b+)/D)/2a. 
Page 243, lines 21, 25, 31, for 2( | a | +)/D), read 2 | a | + /D. 

Page 244, strike out 2 where it appears as a coefficient of ;/ D. 

Page 252, first line, read has p and only p solutions. 
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INDEX TO VOLUME XI. 


[Prepared by Saul Epsteen. } 


by 


ALGEBRA (see Problems below). 
ARITHMETIC (see Problems below). 

AVERAGE AND PROBABILITY (see Problems sitet ’ 
Murray’s A First Course in Fapaticctmad Calculus, Sewall? 8 Wireless Telegraphy, 
Burkhatdt’s Einfuehrung in der Theorie der Analytischen Funktionen einer Kom- 

plexen Veraenderlichen, and Burkhard@t’s Algebraische Analysis, 22. 
Grace’s The Algebra of. Invariants; MacMahon’s Elementary Plane Gebdmetry, 
Colaw’s School Algebra, Higgins’s Lessons in Physics,’Bowden’s Elements of the 
Theory of Numbers; Wells’ Advanced Course in Algebra, Miller’s Laboratory 
Physics, Montgomery’s An Elementary American History, Smith’s Primary Ar- 
ithmetic, Taylor’s Plane Trigonometry, Maurer’s Technical Mechanics, The Jones 
Series of Readers, Sabine’s A Student’s Manual of a Laboratéry Course in ‘Physi+ 
cal, Measurements, Shyder and Palmer’s One ‘Thousand Problems in Physics, 
Davis’s Riemenlery Physical Geography, 
Halsted’s Rational Geometry, 178. 
Campbell’s The Elements of the Differential Calculus, 198. 
Selinwanoff’s Lehrbuch der Differenzenrechnung, Loewy’s Versicherungsmathe- 
matik, Smith’s Grammar School Algebra, Granville’s Elements of the Differential 
and Integral Calculus, Scribner’s Where Did Life Beyin? Hancock’s Lectures on 
the Calculus of Variations, Ames’ Text-hook of General Physies, 215—218. 
Robbins and Summerville’s Exercises in Algebra, Hoadley’s Practical Measure- 
ments in Magnetism and ‘Electricity, Cajori’s An Fntroduction to the Modern The- 
' ory of Equations, and Chute’s Physical Laboratory anon, 242. 
CALCULUS (see Problems below). 
GEOMETRY (see Problems below). 


MATHEMATICAL PAPERS. 


Baker. A balance for the solution of algebraic equations 
The expression of the areas of polygons in determinant form 
Dickson, L. E. A property of the group G@,2” all of whose operators except iden- 
Epsteen, Saul. ‘An elementary account of the theory of finiée differences 131-136 
Glenn, O. E. A method of transvection in the actual coefficients, and an applica- 
tion to evectants 81-84, 108-112 
Greenwood, G. W. Representation of real and imaginary loci in the same plane__105-106 
Halsted, G. B.. Simon’s claim for Gauss in non-Euclidean geometry 
Hawkesworth, A: 8. Four new theorems relating to conjugate hyperbolas-' 
Lehmer, D. N.:» On a cylinder the intersection of which with a sphere will develop 
‘1. into an ellipse 
Miller, G. A. On the generalization and extension of Sylow’s theorem 29-32 
Two infinite systems of groups generated by operators of order four 
The subtraction groups 199-202) 
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